Eur Biophys J (1998) 27: 549-557

© Springer-Verlag 1998

ARTICLE

J. GarciadelaTorre - B. Carrasco

Intrinsic viscosity and rotational diffusion of bead models for rigid

macromolecules and bioparticles

Received: 15 October 1997 / Accepted: 19 February 1998

Abstract The conventional Kirkwood-Riseman (K-R)
treatment of theintrinsic viscosity of macromolecular bead
models shows a deficiency when it is applied to models
with few beads, whose sizes are not much smaller than of
the modelled particle. We present a compl ete derivation of
the intrinsic viscosity up to first order in interbead dis-
tances (Oseen-type hydrodynamic interaction), finding
that aterm that belongs to the zeroth-order contribution is
missing in the usual description. Thisterm is simply pro-
portional to the total volume of the bead model. The na-
ture of this correction for viscosity is similar to a previ-
ously described correction for rotational coefficients. We
discuss the performance of these corrections for various
simple models, including ellipsoids as well as oligomeric
structures in rodlike, chainlike and polyhedral conforma-
tions.
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1 Introduction
1.1 Antecedents

Among the various hydrodynamic properties of rigid mac-
romoleculesin solution (or rigid particlesin dilute suspen-
sion), the intrinsic viscosity, [n], offers an excellent bal-
ance between sensitivity to size and shape and ease of de-
termination. A recent review by Harding (1998) sum-
marizes many years of measurement and applications
of [n]. It is noteworthy that one of the main drawbacks of
[ 7] measurement, namely the need to work at amoderately
high concentration, is being removed by modern instru-
mentation (Haney 1985).
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The Kirkwood-Riseman theory of hydrodynamic prop-
erties, including intrinsic viscosity, of rodlike and flexible-
chain macromolecules modelled as strings of spherical
beads (Kirkwood and Riseman 1948; Riseman and Kirk-
wood 1950; Yamakawa 1971), treated the frictional forces
as vectors acting at the bead centers, while they are in fact
distributed over the spherical surfaces. Thus, for a shear
flow with fluid velocity v$ = yy at apoint with coordinates
(x, ¥, 2), theintrinsic viscosity of the macromoleculeiscal-
culated as
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whereN, isAvogrado’snumber, M isthe molecular weight
of the solute, n, is the viscosity of the solvent, F{ is the
x component of the frictional force at the center of bead i
with coordinate y;. The sum is extended to the N elements
composing the bead model, and the angular brackets de-
note averaging over all the possible orientations of the par-
ticle with respect to the velocity field.

The problem of predicting hydrodynamic properties of
rigid macromolecules or particles of arbitrarily complex
shape was attacked in the pioneering work of Bloomfield
et a. (19674, b), as an extension of the Kirkwood-Rise-
man theory. Later, improvements in the description of hy-
drodynamic interaction and in computational aspectswere
introduced by Garcia de la Torre and Bloomfield (GT-B)
(19774, b; 1978), with particular application to the viscos-
ity (Garcia de la Torre and Bloomfield 1978). The GT-B
expression for [n] is
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In Eqg. (2), the r;'s vectors are the position vectors of
bead i with respect to aparticul ar hydrodynamic centre (the
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viscosity centre) which, for centrosymmetric particles co-
incide with the symmetry. The C;; tensors, with compo-
nentscﬂﬂ(a, B=X,Y,2),arethe3 x 3ij-blocksof a3N x 3N
supermatrix, ¢ = B, where the 3N x 3N supermatrix %
is composed by 3x3 blocks B;=T; if i#j and
Bii = (V{)!, where {; = 61t,0; is the Stokes' law friction
coefficient of bead i, with radius g;. Both vectorsr; and
matrices C;; are referred to an arbitrary chosen system of
axes fixed to the particle.

In the above expressions, Tj; (i, j = 1,...N) represents
the 3 x 3 hydrodynamic interaction tensors between beads
i and j, which can be directly calculated from the Carte-
sian coordinates and radii of the N beads in the model. To
order Rgl intheinterbead distances, R;;, thistensor hasthe
form originally given by Oseen. An alternative that in-
cludes terms up to Rﬁ?’ is the modified Oseen tensor, de-
rived by Rotne and Prager (1969) and Yamakawa (1970)
for interacting elements of equal size and generalized by
GarciadelaTorreand Bloomfield (1977 a) for elements of
different radii. For more details, the reader is referred to
the original references and available reviews (Garciadela
Torre and Bloomfield 1981; Garcia de la Torre 1981,
Garcia de la Torre 1989). We note that, instead of the S
employed in the original works (Garcia de la Torre and
Bloomfield 1978), we alternatively employ C;; (Garciade
la Torre 1989) which has the virtue of making supermat-
rix ¢ symmetric, which brings about some computational
advantages.

1.2 The problem and its preliminary solutions

From Eg. (1) or (2), it is evident that for one bead placed
at the particle’s center, r; = 0 and it would not contribute
to the intrinsic viscosity. Thisis not numerically relevant
intypical casesinwhichthemacromolecular model iscom-
posed of many beads of similar sizes, since none of them
dominatesthe hydrodynamic behavior. Thiswasindeed the
situation contemplated in the original K-R theory (Kirk-
wood and Riseman 1948; Riseman and Kirkwood 1950)
corresponding to strings of N beadsin thelimit of N - co.
On the other hand, for amodel of afew beads, one of them
may be at the centre and itsmissing contributionto [ ] may
introduce an important error. An extreme but illustrative
situationisthat of asinglebead, i.e., withN = 1andr; = 0;
the application of Eg. (1) or (2) to this case yields the non-
physical results[ ] = Oinstead of thecorrect Einsteinvalue
[n] = (10/3) (NATTG/M).

This deficiency was detected and recognized from the
beginning in the GT-B treatment (Garcia de la Torre and
Bloomfield 1978), along with a similar problem for rota-
tional coefficients. Actually, the same problem affects the
rotational friction tensor and the coefficients derived from
it (videinfra). A remedy was soon proposed (Wilson and
Bloomfield 1979; Garcia Bernal and Garcia de la Torre
1980): each ‘mother’ bead in the model (or at least some
of them) can be replaced by a cubic arrays of smaller
spheres. Thus the frictional resistance at the mother bead
is displaced from the center toward its surface, and the

mathematical singularity disappears. Thismodelling strat-
egy, known as the cubic substitution has been successfully
applied to various structures (Garcia Bernal and Garciade
la Torre 1981; Allison and McCammon 1984) including
ologomeric arraysof spheres. Theevident drawback isthat
as the number of elements increases by a factor of 8, the
computing time of the rigorous hydrodynamic cal culations
increases by up to 8% = 512. This is unimportant for bead
modelswith afew subunits but it may pose a serious prob-
lem for other types of models.

In the context of hydrodynamics of flexible-chain poly-
mersin solution, this problem was noticed for thefirst time
in a paper by Bianchi and Peterlin (1968). These authors
undertook aK-R calculation of intrinsic viscosities of short
flexible chains, modelled by a small number of identical
beads, and proposed in an ad hoc manner that the K-R pre-
diction for [n] should be corrected by adding aterm equal
to[n]4, theintrinsic viscosity of the bead monomer. L ater,
Yamakawa et al. (Yoshizaki et al. 1988; Abe et al. 1991)
arrived at the same conclusion. Thus, the volume correc-
tion for viscosity would be

(] =[]y + [ ©)

where[n]1 = BNAV,/2M; istheintrinsic viscosity of asin-
gle bead (monomer) with volume V; and molecular
mass M.

In the context of modelsfor rigid macromol ecules com-
posed of beads of varying sizes, a similar correction was
suggested and published by one of the present authors
(Garcia de la Torre 1989). The reasoning was as follows.
If the hydrodynamic interactions are turned off, setting
T;; = 0 for the interaction tensor, Eq. (2) reduces to a par-
ticularly simple form:

[ = (10/3)(NaT M) 0172
i=1

(4)

This hypothetical (not practical) case, has been studied in
detail by Abdel-Kalik and Bird (1975) who obtained the
result:
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Comparing the uncorrected results with theirs, we see that
we are missing an additive term equal to

N
(107N, /3M) S 07 = 5NV /2M (6)
i=1

Accordingly we proposed, without further justification,
that the intrinsic viscosity should be corrected as

5NV,

[ =28 ™ + (] (7)

where V,,, is the volume of the model, equal to

Vi =4 nia? (8)
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and g;'s are the individual bead radii. We emphasize that
V isthetotal volume of the bead model, understood as the
sum of the volumes of all the spheres. This must be kept
in mind when one uses shell-type modelsinwhichitisjust
the surface of the particle that is covered by athin shell of
many small beads, and V,,, isvery different (smaller) from
the true particle volume, V
Itisclear that Eq. (7)— ()8) reduce to Eq. (3) for identi-
cal beads, and yield the Abdel-Khalik (Eq. (5)) result if hy-
drodynamic interactions are neglected.

2 Theory

In this section we provide atheoretical justification of the
volume correction for the intrinsic viscosity. In a shear
flow, the hydrodynamic treatment must consider not only
tranglational and rotational contributionstofriction (forces
and torques), but also the stresslet associated to the shear
(Brenner and O’ Neil 1972; Brenner 1974). We will show
that, if hydrodynamic interaction is truncated at the first
order in interbead separations (at the Oseen level) for the
three contributions, then the result includes naturally the
volume correction in the zero-th order term. Thus, the vol-
ume correction is not just an ad hoc patch but instead it
forms an integral part of the expression for [1]] of a bead
model at the Oseen level.

2.1 Solvent flow and viscosity

Wefirst consider asimple fluid, namely the solvent in the
absence of suspended particles, which isundergoing alin-
ear shear flow with avelocity field:

Vo) =3+ Qxr+S-r

9)

vO(r) and Vg3 are the unperturbed velocities at a general
point with position vector r with respect to an arbitrary or-
igin, O. Q isthe fluid spin and S is the symmetric part of
the velocity gradient, G, i.e., S=3(G + G").

We recall that the viscosity of such a simple fluid, n,
isrelated to the rate of energy dissipation per unit volume,
W, (Happel and Brenner 1973; Zhou 1995):

W, = 2S: S (10)

In Eqg. (10) we employ the double dot product of second-
rank tensors, defined asA : B =Tr (A - B).

2.2 Multiparticle system

Next, we consider a particle suspension under linear shear
flow. In the absence of suspended particlesthe fluid would
have avelocity field given by Eq. (9).

Our primary problem isthe calculation of the viscosity
of the solution or suspension, . By analogy with Eq. (10),
thisis given by:

W=2nS:S (11)
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We can formulate W =W, + dW, where dW is the excess
energy dissipation per unit volume over that dueto the sol -
vent particles. Furthermore, we write W = nydw,, dw, be-
ing the rate of energy dissipation per suspended particle.
Ny = ¢, NA/M and ¢, are, respectively, the number concen-
tration and mass concentration of particles. If the excess
viscosity is expressed in terms of the intrinsic viscosity,
[n] = (1= no)/(NoCy), then we have:

Mng 2S:S

Let us assume that N particles are suspended in the fluid.
Each partlcle i, has a translational velocity Up, measured
at some point P; in the particle, and rotates with angular
velocity «. We deflne the following arrays:

[n]= (12)

0RO OTea0  OApiO
F=0:Q F=0: 0 =0 : O (13)
T Hend o Brend
DUpl \'% (rpl)D D(L)]__QD 50
: 0D o=0 : 0O S=E0 @14)

BJPN V (rPN)H %’-’NE_QH ESE

F; and Tp; are, respectively, the force and torque exerted
by particle i on the fluid, when the particles are moving
withrelativelinear and angular velocitiesup; — v°(r ;) and
o — Q. ¥ contains N copies of S and s contains the val-
ues of the stresslets, Ap; exerted by particlei on the fluid.
All these arrays are of dimension 3N x 1, except &, which
is3N x 3.

Thelinearity between, &,  and s, on the one hand and
a, 0 and S, on the other (Brenner and O’ Neil 1972), can
be formulated in terms of a grand resistance matrix
(Schmitz and Felderhof 1982a) or agrand mobility matrix
(Schmitz and Felderhof 1982b). We choose the latter rep-
resentation, writing:

EﬂLD Dlltt utl' ISD[@D
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The u matrices in Eg. (15) are of dimension 3N x 3N and
contain 3 x 3 blocks, 1, withi,j = 1,...,N.

We now particularize to the case of spherical particles.
For the mobility matrix we can employ resultsavailablein
theliteraturefor the many-sphere and the two-sphere prob-
lems (Mazur and van Saarlos 1982; Schmitz and Fel derhof
1982b), which are usually expressed asexpansionsin pow—
ers of the reciprocals of mterpartlcle separations, R .To
the first, lowest ordersin R,‘J , many-body hydrodynamic
interactions do not appear; rather, one can consider the
problem as a superposition of pairwise interactions, and
the results of the two-sphere problem, including shear
(Schmitz and Felderhof 1982b) can be used.

In the spirit of the Oseen approximation, asit is custo-
marily assumed in the K-R and GT-B theories, only terms

(15)
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of the order R‘l areretained. Thus, Eq. (15) isgreatly sim-
plified since ur =t ==t ==y =0. The re-
maining mobility matrices have the same structures:

0B11 Bin O
put=x=0: ;0 (16)
EBNl BNNH

whereB;; = (1/{;)| and B;; = Tj;, the latter bei ngthe hydro-
dynamic interaction tensor. For consistency in a first-or-
der approach, the Oseentensor should beusedfor T;, rather
than the mod|f|ed tensor, that includes a third-order con-
tribution. 1" has only the diagonal blocks, i.e. p'= 0 for
i #j and "= (Uf)1, where f; = 8o, Fmally, the p;°
terms are fourth-rank tensors with =0 for i #j and

WSS satisfies S S = 5n,V;, where V; = ﬂ o7 is the vol-
ume of the sphere.

Thepartial inversion of Eq. (15), required to express %,
J and A intermsof U, 0 and ¥ israther easy after there-
duction in order R;* described above. We find

F=€LU,
0RO OCn Cin Hupa =V (rpa) O
0:0=0: s : O 17
R T i ()0

N N1 CanOHp,N = Vo (re,n)O
Tpi =fi(w—-Q) (18)
Ai =51NV; S (19)

where the 3N x 3N resistance matrix, 6 is the inverse of
%1

¢=3" (20)

2.3 Rigid assembly of spheresin shear flow

In the next step of this derivation we particularize further
for the case of arigid assembly of spheres, in which all
move with overall translational velocity ug referred to
some origin O within the array, and rotational velocity cw.
Theangular velocity of al thebeadsis «w = w, and thelin-
ear velocity of their centersareup, = Uug + w X r;. Thechar-
acteristic point P; of each sphere, and r; =rp isits posi-
tion vector from origin O. At these points, the unperturbed
fluid velocity isvP =vo(rp) =Vg+ Q X1 +S-r;.
Therigid assembly isimmersed in the shear flow, given
by Eg. (9). Pushed by the flow, the rigid particle acquires
velocities ug and w. At the center of sphere i,
Up, = Uo + wxr;. Therelative velocitiesin Eq. (17) are

(21)

where Avg = ug — VS and Aw= w— Q are the slip veloc-
ities.

The rate of energy dissipation due to a single particle
(arigid assembly of beads) is a sum over beads

N T
dny = z[[uR ~VvO(rp)| F +(w-Q)T Tp, +A; :S

i1
(22)

Up, —V°(rp) =&V + AW X T + S|

Here u’
vectors.

Now we use the previous results for the multisphere
system in the Oseen approximation, given by Egs. (17),
(18) and (19). We obtain

-F and o' -T denote the scalar product of

Wy =5no Vin S: S+ z z [Avo +Awxr + ST ] [T
i=1j=1
N
[bvo +Bwxrf +S]+ 3 fi(bw)? (23)
i=1
This result corresponds to an instantaneous orientation of
the rigid assembly. Actually we employ a prime in Cj; to
denote that this tensor is referred to the laboratory fixed
system of coordinates at which Sis also referred. The po-
sition vectors of the bead centers, r;, are also primed to de-
note that they are also referred to the laboratory axes. The
value that we must use in Eq. (12) is [dw,[Jwhere [..0is
an average over orientations. Thus, we are faced with the
evaluation of

N
(3Wy) =500 Vin S: S+ z f, (Aw)?

<ZZ [Avo +Awxri+SH]"
i=1j=1

T Avo +Awxr] +smj']> (24)

In the treatment of theintrinsic viscosity in the Kirkwood-
Riseman theory (Yamakawa1971; Kirkwood and Riseman
1948; Riseman and Kirkwood 1950), it isassumed that the
macromol ecule moves with the same linear and angular
velocity asthe fluid. Thus, ug =v§and w= Q, so that the
slip velocities are zero, Avg = 0 and Aw= 0.

This hypothesis was employed by Garcia de la Torre
and Bloomfield (1978) in their derivation of the intrinsic
viscosity of rigid bead models. Later, Wegener (1984)
pointed out that the assumption is strictly correct only for
bodies of high symmetry. However, its effect on the result-
ing[n] isvery small. Harding et al. (1981) had already no-
ticed this for triaxial ellipsoids, finding differences
of only 1%. Wegener (1984) has examined a number of
other cases, including bead models, and the differencesre-
mained about 1% or less.

Accordingly, we adopt the zero-slip assumption, and
Eq. (24) is greatly simplified. We are just left with

(SWy) =504 Vin St s+<z > (SH)' [Ty msm,)> (25)

=1j=1
> (26)

We consider a simple shear flow with shear rate y.
The fluid velocities are along the lab-fixed x axis and

From Eq. (12) and (25) we abtain

5N, Vi,
2MI70

Na N
[n]= > > I [BLCj (L)

2MnoS:S\i5fm



the gradient is along axis y. Thus we have G=y
and S=3yE,

M 1 0O M 1 0O

D= o0 o E=1 0 oU (27
ood f o of
andS:S=y%2sinceTr(E:E)=2
Thus, we obtain

(m=Navo, Na (55 TEpER)  (@28)
2Mno  4Mno \Sj3

Now, as Cj is a symmetric matrix, it follows that

E - Gjj = 2D - Cjj. Therefore,

[n] = 5NAVm + NA g g ri'T ED‘]:,’J DEEJ' (29)
2Mno  2Mno \imf=

It is easily verified that the second term in the right-hand
side of Eq. (29) isthe same asthe result derived by Garcia
delaTorre and Bloomfield (1978), and thefirst termisthe
volume correction.

The rest of the derivation is as described by Garcia de
la Torre and Bloomfield. The orientational averageis car-
ried out and the final result for [ ] isthat corresponding to
Egs. (7) and (8) in the Introduction section.

2.4 Therelated problem for rotational coefficients and
the radius of gyration

The related problem for rotational dynamics has been de-
scribed and solved in previous work. Here, we just recall
the main results. The uncorrected form of the rotational
friction tensor referred to an arbitrary origin, O, is given

by

—uncorr —
=rr

—Z Z rf x Cjj xrj
i=1j=1

(30)

where r; are the coordinate vectors of the beads, now re-
ferred to O and the cross denotes the dyadic product. The
proper origin for rotational diffusion and the way of cal-
culating observable rotational quantities are described
elsewhere (Garcia de la Torre 1989).

If equation (30) isapplied to asingle bead, with O at its
center, r' = 0 and obviously =\7°°'" = 0, with the erroneous
result that the rotational friction coefficient is f, =0,
(while the correct result isf, = 871r,0°) which also results
in a zero rotational time. In amodel with afew beads, or
if one of the beads is dominant and O is placed at or near
itscenter, withr;, = Othenit turnsout that its contribution
to =, isnull.

This problem was pointed out (Garcia de la Torre and
Bloomfield 1977b) and solved by cubic substitution (Wil-
son and Bloomfield 1979; Garcia Bernal and Garciade la
Torre 1981) along with that for [17]. GarciadelaTorreand
Rodes (1983) presented arigorousKirkwood-Risemanfor-
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malism up to first order in hydrodynamic interaction. It
was noted that a contribution to the zeroth-order term was
missing. When it isincluded, the rotational friction tensor
reads:

S = 20 + 6V (31)

where | is the unitary tensor. Thus the correction consists
just of adding 6V,,n, to the diagonal components of =,,.
The Garcia de la Torre-Rodes correction for rotation has
inspired the correction for viscosity presented in the
present paper.

For the sake of completeness, we finally mention that a
similar situation occurs for the radius of gyration. The
square radius, RS isusually computed, for aset of N iden-
tical elements as

ZZ f

|1]l

R2(uncorr) = I%ligldiz = (32)

where d, isthe distance from the center of massto element
i, and r; is the distance from i to j. Strictly speaking,
Eg. (32) isonly valid for pointlike elements; actually, for
asingle element Eq. (32) gives Ry(uncorr) = 0.

In the context of bead models, one wishes to consider
that the mass of the particle is not concentrated at some
points but is distributed throught the spherical beads.

It can be easily demonstrated (see for instance Solvez
et al. 1988) that, for an array of spheres, the correct result
for the square radius of gyration is given by

%—ZH§+dr2f§+—Zfom (33)

where f; = V;/V,,= g¥Yo? is the volume fraction of
bead i |nthe model and & = 30?/5isitsindividual radius
of gyration (themodel isassumed tobeuniforminthesense
of having the same mass or electron density in al beads).
As above, d; is the distance from the center of mass, C,
to the center of bead i. This point satisfies the condition
that its position vector roc With respect to an arbitrary
origin O

N
roc =Y firf
=

(34)

Thus, the square radius of gyration of a bead model with
elements of different sizes can be written as

RS = g f, § + RS (uncorr)

i=1

(35)
where
R§ (uncorr) = Z fd? =

i 2 (36)

Mz
Mz

1
25
Thefirst term on the right-hand side of Eq. (35) can be re-
garded as the volume correction for the radius of gyration.
We recall that the correct result, as expressed by Eqg. (35)
and Eq. (36) isexact, asfollowsimmediately from the def-
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inition of Rg (Sblvez et al. 1988). We note that Eq. (35)
and Eq. (36) reduce to Eq. (32) for identical beads. For
models composed of many small beads, d?>> g or
rij > 0;, g; in most instances, and Réwill be very closeto

s(uncorr). Conversely, for models with few beads Rf,
(uncorr) will deviate significantly from the exact value.
Finally Egs. (35) and (36) predict correctly R = 30%/5 for
asingle sphere.

3 Results and discussion
3.1 Ellipsoidal models

The bead model for aprolate ellipsoid has been customar-
ily employed since the work of Bloomfield et al. (19674a)
as a benchmark for testing hydrodynamic theories and
modelling procedures. The revolution ellipsoid isthe only
particlefor which the hydrodynamic properties can be cal -
culated from simple, analytical expressions. Particularly,
[n], can be determined by the equations of Simha (1940)
and Scheraga (1955).

Bead models for prolate ellipsoids can be easily con-
structed. The model originally proposed by Bloomfield
etal. (1967 a) consistsof astring of colinear spheres, whose
radii decrease from the center to the end, and areinteriorly
tangent ot the surface of the original ellipsoid. The volume
of theresulting bead model isappreciably smaller than that
of the true ellipsoid.

A modified model with equalized volumewas proposed
by Garcia de la Torre and Bloomfield (19774a). For an el-
lipsoid of semiaxesa and b, the bead model is constructed,
as described above, for an ellipsoid of semiaxes a and b’
adjusted so that the volume of the model, V,,, equals the
volume of the ellipsoid, V = 4m@b?/3. The two versions of
the bead model for a prolate ellipsoid are displayed in
Fig. 1.

The modified ellipsoidal model, treated with rigorous
hydrodynamics, was shown to give an excellent prediction
of translational friction coefficients; the deviation of the
bead-model results from the exact values is less that 1%
for the whole range of axial ratios (Garcia de la Torre and
Bloomfield 19774a). On the other hand, the failure of the
bead-model calculation for ellipsoids at values of p = a/b
close to p =1, for both rotational coefficients (Garcia de
la Torre and Bloomfield 1977b) and intrinsic viscosity
(Garcia de la Torre and Bloomfield 1978) was employed
to illustrate the failure of such calculations in the sphere
limit.

In the present work we have determined how the
volume correction influences the intrinsic viscosity
of ellipsoidal bead models. The ratio [n] (calc)/[n] (ex-
act), for values calculated with the rigorous procedure,
with and without volume correction, are plotted in Fig. 2.
The volume correction gives an overestimation of [n],
while uncorrected viscosity gives an underestimation.
The corrected results are correct for p = 1 (as they
should), while the uncorrected calculation gives the

Fig. 1A—C Schemes for bead models of ellipsoids (planar sec-
tions). A The original ellipsoid; B the primary bead model; C the
modified model with equalized volume

® volume corrected
20 O volume uncorrected

_15L
g

3 Kt

E 10 e ce T
o

[\]

)
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0.0 ;cﬁ

100
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Fig. 2 Ratio of calculated to exact intrinsic viscosity plotted vs. the
axial ratio, p. Calculated values are for the modified model, without
and with the volume correction

erroneous result, [n] = 0. At very large p, the volume
correction is insignificant and the results of both proce-
dures tend to the exact value. At intermediate p, the
results from the volume correction are not very precise;
indeed, the deviation may reach +30% for p approxi-
mately 3. However, it isclear that the results with correc-
tion are always better than those without it; the ratio is
closer to unity, for any p, when the volume correction is
included.



Table 1 Intrinsic viscosity and rotational coefficients for a dimer

[n12/[nl1 fhst] P
Oseen uncorrected 0.77 0.00 2.40
Oseen corrected 1.77 2.00 4.40
K-R uncorrected 0.64 0.00 2.67
K-R corrected 1.64 2.00 4.67
Cubic substitution 1.34 1.77 3.79
Exact 1.38 1.78 3.76

Table2 Intrinsic viscosity and rotational coefficients for different
models

Tetrahedron  Octahedron  Cube
o Inla f&  [nle fg& [nls
fy [N fy [ fy [n]x

Oseen modified 457 097 6.66 1.03 9.93 1.18
uncorrected
Oseen modified 857 197 1266 203 1793 2.18
corrected
Cubic substitution 6.05 1.38 8.80 139 13.19 152

3.2 Dimer

The case of adimer, composed of two identical, touching
spheres is theoretically important and useful in practice.
Numerical values of the hydrodynamic properties are
available from very fundamental treatments. These results
are nearly exact, and can be used for comparison with our
bead-model calculations.

Table 1 contains the results obtained for viscosity and
rotational coefficientswith and without volume correction,
compared to nearly exact results. The numerical valuesin
Table 1 aretheratios of the propertiesof adimer of spheres
of radius o to those for a single sphere of radius g, given
by [n]; = 10NA0%/(3M,), and f, = 8ir o>, The coeffi-
cientsfor rotation around the center-to-center axisand per-
pendicular to it are denoted as !l and £, respectively. The
exact values are from Davis (1969) for rotation and from
Brenner and Wakiya for [n] (Brenner and O’ Neil 1972;
Wakiya 1971). We a so include results from the cubic sub-
stitution method, from GarciaBernal and GarciadelaTorre
(1981).

Itisclear from Table 1 that the volume correction im-
proves the results for the dimer. The corrected [17] and f
overestimated the exact result while the uncorrect proper-
ties were underestimated, but it is clear that the corrected
results are closer to the exact ones. By the way, we note
the excellent performance of the cubic substitution proce-
dure, although it has, as mentioned above, the drawback
of requiring very long computer time.

3.3 Rodlike and flexible-chain structures

Two useful linear models with open ends are the straight
array of beads, employed to represent rodlike structures,
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Fig. 3 Ratiosof uncorrected and corrected values of the properties,
to the (correct) properties of a single sphere: f; = 8mn,o°, [n]41 =
(107NAG%)/(3M,) and R3(1) = 30°/5. Resilts for rods modeled as
straight strings of touching beads as a function of the number of
beads

and the flexible chain of beads, which represents random
coil conformations. In both cases the volume corrections
must vanish in the limit of large N; however, it isinterest-
ing to determine their influence for small N, i.e. for oligo-
meric structures.

For a straight, rodlike array of N identical touching
beads, the corrected and uncorrected properties are pre-
sented in Fig. 3. We appreciate the large influence of the
volume correction for small N (say N<5) while the
large N its importance decreases significantly. Thus, for
N = 20, the volume corrections are of only 2.3%, 0.5% and
5.9% for rotational friction, squareradiusand viscosity, re-
spectively.

The calculation of properties of flexible chains of beads
can be made using rigid-particle hydrodynamics. A sim-
ple Monte Carlo method is employed to generate instanta-
neous coil conformations, and for each conformation the
hydrodynamic properties are computed asif it werearigid
particle. The final results are the averages over the Monte
Carlo sample. Thisisthe so-called ‘rigid body’ treatment
of flexible structures, which has been successfully used for
flexible-chain macromolecules (Garcia de la Torre et al.
1982; Garciade la Torre et a. 1984; Garcia Bernal et al.
1991). In the present study, we include a hard-sphere ex-
cluded-volume interaction: conformations with overlap-
ping beads (rj; < 20) are rejected. The results for flexible
chains with up to 20 beads are plotted in Fig. 4. We note
that the relative effect of the volume correction decreases
very slowly withN. For N = 20, thecorrection still amounts
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Fig. 4 Thesameasin Fig. 3 for flexible chains of non-overlapping
beads. The errors bars are the standards errors of the Monte Carlo
averages, when no shown, the error bar is of the same size as the
symbol

to 17.0%, 2.1% and 17.6% for f, R?g and [ ] respectively.
At very large N the correction must be insignificant, but
this may not be the case for shorter chains, as pointed out
by some authors (Abe et al. 1991; Yoshizaki et al. 1988).

3.4 Compact, polyhedral oligomers

Animportant type of model, with featuresoppositeto those
of thelinear, straight or coil-like chains considered above,
isthat of very compact oligomeric structures with aregu-
lar polyhedral shape, such astetrahedrons, octahedrons or
cubes. These structures have a wide applicability in the
analysis of the properties of many system, of which mul-
tisubunit oligomeric proteinsare atypical example (Garcia
delaTorreand Bloomfield 1978; GarciaBernal and Garcia
delaTorre 1981). From the theoretical point of view, these
structures are also of great interest since, owing to their
maximum compactness, hydrodynamic interactions are
stronger than in any other structure with the same number
of beads. Thus, peculiarities not exhibited by other struc-
tures can be expected in this case.

We have detected afirst anomalous circumstance in the
hydrodynamicsof compact polyhedral structuresinthecal -
culations with the Oseen interaction tensor: The 3N x 3N
diffusion matrix, % in Eq. (16) is singular. The existence
of singularities of this kind in Kirkwood-Riseman cal cu-
|ationswith Oseen-type hydrodynamicinteractionswasre-
ported years ago by some authors (Zwanzig 1968). This

finding prompted the development of the modified-Oseen
tensor (Rotne and Prager 1969; Yamakawa 1970; Garcia
delaTorre and Bloomfield 1977 a) which has been shown
to removethe singularity (Yamakawaand Tanaka 1972) in
some cases.

To our knowledge this situation had not been reported
before for compact oligomers, although the situation
could be expected since hydrodynamic interactions are
strongest for such structures. In the Garcia de la Torre-
Bloomfield (1978) results for oligomers this was not
noted since the modified Oseen tensor was used in the
calculations.

Thus, for the present purpose, the Kirkwood-Riseman
results (without volume correction) are obtained with the
modified Oseen tensor although this amountsto the above
noted slight inconsistency of using R;;> term when other
terms of the same order are missing. Then, the volume cor-
rections are added to these results.

We expect that, as noted for the dimer, the results from
the cubic substitution procedure will be very close to the
exact ones (which are not available for N > 2), and there-
forewe use them asthe reference for the other procedures.
Then, we note that while the uncorrected val ues are bel ow
the reference, when we add the volume correction the cor-
rected results clearly overestimate the properties. Apart
from the sign, the absolute values of the deviation are even
larger for the corrected values.

Thus, the case of the these very compact oligomeric
structures is an exception to the improvement introduced
by thevolume correction for the other structures. Thisfind-
ing and the above commented anomaly in the Oseen cal -
culations are probably related to the particularity high
strength of hydrodynamic interactions. For these particu-
lar cases, the resultsfrom cubic substitution procedure are,
at the present time, more reliable and should be the choice
for the analysis of experimental results.

4 Computer program

The volume corrections were included in the first version
of the HYDRO computer program (Garcia de la Torre
et al. 1994). In the latest version of HY DRO the volume
corrections are optional (although they are recommended
in most cases). The FORTRAN source code, in files hy-
drod_v.for or hydrox_v.for, with v = 5, as well as the re-
lated program SOLPRO (Garcia de la Torre et al. 1997)
can be downloaded from our WWW page (http://leo-
nardo.fcu.um.es/macromol) or requested by e-mail to
jot@fcu.um.es.
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